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1. Introduction 

Strong transitivity in random dynamical systems (RDS) represents a fundamental extension of topological 
transitivity to stochastic frameworks. While classical dynamical systems theory has well-established 
characterizations of transitivity, the random counterpart requires careful consideration of both topological 
and measurable structures. This paper establishes three pivotal contributions:   

Before studying strong transitivity of random dynamical systems, we will give some priorities and 
definitions of random dynamical systems and start from dynamical systems [5]. where the a pair (𝒳, 𝜃)  is 
dynamical systems, where 𝒳 is a Hausdorff topological space and 𝜃: ℝ × 𝒳 → 𝒳 is a mapping  such that 

(i) 𝜃 is continuous; 

(ii) 𝜃(0, 𝑥) = 𝑥  for all 𝑥 ∈ 𝒳 ; 

(iii) 𝜃(𝑡 + 𝑠, 𝑥) = 𝜃(𝑡, 𝜃(𝑠, 𝑥))  ∀ , 𝑡, 𝑠 ∈ ℝ, 𝑥 ∈ 𝒳 . 
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A B S T R A C T 

 
In this paper establishes fundamental results on strong transitivity in random 
dynamical systems (RDS). We prove two key equivalences: 
Strong transitivity ⇔ nowhere strong dense 
Strong transitivity ⇔ random open set V(ω) is a strongly dense set of X. 
And prove the dense pullback trajectories is strong transitivity, strong 
transitivity of RDS is a dynamical property. We investigate strong transitivity 
in random dynamical systems (RDS), establishing equivalences with dense 
sets and omega-limit sets, and analyzing their interrelationships. 
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    We further recall the definition of metric dynamical system[2]where the metric dynamical system is a 5-
tuple (𝑇, Ω, ℱ, ℙ, 𝜃) 

if (Ω, ℱ, ℙ) is a probability space and                                                               

(i) 𝜃: 𝑇 × Ω → Ω is (ℬ(𝑇) ⊗ ℱ, ℱ) −measurable,  
(ii) 𝜃(0, 𝜔) = 𝜔 ,  ∀𝜔 ∈ 𝛺 
(iii) 𝜃(𝑡 + 𝑠, 𝜔) = 𝜃(𝑡, 𝜃(𝑠, 𝜔))  ∀ , 𝑡, 𝑠 ∈ 𝑇, 𝜔 ∈ Ω 
(iv) ℙ(𝜃𝑡(𝐹)) = ℙ(𝐹)   , for each 𝐹 ∈ ℱ and for each 𝑡 ∈ 𝑇 . 

In short, we will write  that ( 𝜃: 𝑇 × Ω → Ω)  to  𝜃𝑡𝜔 or 𝜃(𝑡, 𝜔) 
We also remember the definition of Random Dynamical System [3] (Shortly ℛ𝒟𝒮)  where a 

measurable ℛ𝒟𝒮  on  the measurable space  (𝒳, ℬ(𝒳)) over  metric dynamical system (𝕋, Ω, ℱ, ℙ, 𝜃) , with 
time is mapping 𝜑: 𝕋 × Ω × 𝒳 → 𝒳, having these properties:  

1) Measurability, 𝜑 is ℬ(𝕋)⨂ℱ⨂ℬ, ℬ − measurable. 
2) (Cocycle property) : The mappings 𝜑(𝑡, 𝜔) ≔ 𝜑(𝑡, 𝜔,⋅): 𝒳 → 𝒳  form a cocycle over 𝜃(⋅), 

 i. e.  they satisfy 𝜑(0, 𝜔, 𝑥) = 𝑥  for all 𝜔 ∈ 𝛺 (if  0 ∈ 𝕋 )    
𝜑(𝑡 + 𝑠, 𝜔) = 𝜑(𝑡, 𝜃(𝑠)𝜔) ∘ 𝜑(𝑠, 𝜔) for all  𝑠, 𝑡 ∈ 𝕋, 𝜔 ∈ 𝛺 

We will write the ℛ𝒟𝒮 is denoted by (𝜃, 𝜑)  rather than (𝑇, Ω, 𝒳, 𝜃, 𝜑) 

Definition(1.1):[𝟖]   Trajectories 

Let 𝐷: 𝜔 ↦ 𝐷(𝜔) be a measurable multifunction. We define the pullback trajectories emerging from 𝐷 (from 
time 𝓉 onward) as the multifunction: 
𝜔 ⟼ 𝛾𝐷

𝓉(𝜔)given by: 
𝛾𝐷

𝓉(𝜔) ≔ ⋃ 𝜑(𝑘≥𝓉 𝑘, 𝜃−𝑘𝜔)D(𝜃−𝑘𝜔) 

Special Case (Single-Valued Version): 
When 𝐷(𝜔) = {𝓋(𝜔)} is single-valued, we denote: 
𝜔 ⟼ 𝛾𝓋

 (𝜔) ≡ 𝛾𝐷
0(𝜔) ≔ ⋃ 𝜑(𝑘≥0 𝑘, 𝜃−𝑘𝜔)𝓋(𝜃−𝑘𝜔) 

and call this the pullback trajectory (or orbit) emanating from 𝓋. 

Definition (1.2): [𝟖]   omega-limit set 

Assume 𝐷: 𝜔 ↦ 𝐷(𝜔) be a multifunction. The omega-limit set is the multifunction of trajectories emanating 
from D (pull back), 

  𝜔 ⟼ Γ𝐷(𝜔) ≔ ⋂ 𝛾𝐷
𝓉(𝜔)̅̅ ̅̅ ̅̅ ̅̅ = ⋂ ⋃ 𝜑(𝑘≥𝓉 𝑘, 𝜃−𝑘𝜔)D(𝜃−𝑘𝜔)𝓉>𝑜𝓉>𝑜                                                                                                                                                       

if 𝐷(𝜔) = {𝑥(𝜔)}  ,is single valued function 

Then 𝜔 ⟼ Γ𝑥(𝜔) is called the (pull back )  omega-limit set of trajectory (or orbit) emanating from 𝑥. 

 2. Strong transitivity: The following definition captures strong transitivity for random dynamical systems. 

Definition (2.1):   A ℛ𝒟𝒮 (𝜃, 𝜑)𝑜𝑛 𝒳 is said to be a strong transitivity, if for each non-empty random open 
sets 𝒰(𝜔) 𝑎𝑛𝑑 𝒱(𝜔) of 𝒳, there is 𝑘1, 𝑘2 ∈ ℕ such that  

𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅. 
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The following definition formalizes a strengthened notion of density for random subsets, ensuring non-
empty intersection with all random open sets in the state space. 

Definition (2.1):  Strongly dense set 

A random sub set 𝜑(−𝑘, 𝜔)𝒱(𝜔) of 𝒳 is said to be a strongly dense set of 𝒳, if 𝜑(−𝑘, 𝜔)𝒱(𝜔) ∩ 𝒰(𝜔) ≠ ∅ 
for each non-empty random open set 𝒰(𝜔) of 𝒳. 

Main results :Strong transitivity systems have strongly dense. 

Theorem (2.2) : if (𝜃, 𝜑) is strong transitivity, then 𝜑(−𝑘2, 𝜔)𝒱(𝜔) is a strongly dense set of 𝒳 for each 
non-empty random open set 𝒰(𝜔) ⊂  𝒳. 

proof : Let (𝜃, 𝜑) is strong transitivity, then 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅ for each non-empty 

random open sets 𝒰(𝜔) 𝑎𝑛𝑑 𝒱(𝜔) of 𝒳, there is 𝑘1, 𝑘2 ∈ ℕ ,  

since 𝒰(𝜔) ⊂ 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔),so 𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅,there fore 𝜑(−𝑘2, 𝜔)𝒱(𝜔) is strongly dense 

set of 𝒳. 

Theorem (2.3): 

Let (𝜃, 𝜑) be a ℛ𝒟𝒮. The following statements are equivalent: 

1) (𝜃, 𝜑) is a strong transitivity. 
2) For each non-empty random open set 𝒱(𝜔) of 𝒳, ⋃ {𝜑(−𝑘, 𝜔)𝒱(𝜔) }𝑘∈ℕ   is strongly dense set of 𝒳. 

Proof: 

(1) ⇒ (2) Assume that (𝜃, 𝜑) be a strong transitivity ℛ𝒟𝒮. From transitivity of (𝜃, 𝜑), implies that for every 
random open sets 𝒰(𝜔) and 𝒱(𝜔) of 𝒳 there are 𝑘1, 𝑘2 ∈ ℕ such that: 

𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅  

𝜑(−𝑘1, 𝜔) ∘ 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘1, 𝜔) ∘ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅  

𝜑(𝑘1 + −𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘1, 𝜔) ∘ 𝜑(−𝑘2 + −𝑘1, 𝜔)𝒱(𝜔) ≠ ∅  

Let −𝑘2 + −𝑘1 = −𝑘3 

𝒰(𝜔) ∩  𝜑(−𝑘3, 𝜔)𝒱(𝜔) ≠ ∅ 

⋃ {𝜑(−𝑘3, 𝜔)𝒱(𝜔)}𝑘3∈ℕ ∩  𝒰(𝜔)  ≠  ∅  

Then from definition strongly dense set we have  

  ⋃ {𝜑(−𝑘3, 𝜔)𝒱(𝜔) }𝑘3∈ℕ  is strong dense set of 𝒳.  

(2) ⟹ (1) 

Let 𝒱(𝜔) ⊂ 𝒳 𝑏𝑒 𝑎𝑛 random open 𝑠𝑒𝑡 𝑤𝑒 ℎ𝑎𝑣𝑒  ,  

 ⋃ {𝜑(−𝑘, 𝜔)𝒱(𝜔) }𝑘∈ℕ is strongly dense set of 𝒳  
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Let 𝒰(𝜔) 𝑏𝑒 𝑎𝑛𝑦 random open  𝑠𝑒𝑡 𝑠𝑢𝑏𝑠𝑒𝑡 of 𝒳 

Then there exists  𝑘1 ∈ ℕ  such that 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) is random open set in 𝒳 

from definition strongly dense set  we have 

  ⋃ {𝜑(−𝑘, 𝜔)𝒱(𝜔) }𝑘∈ℕ ∩ 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ≠ ∅ 

Then there exists  𝑘1, 𝑘2 ∈ ℕ  such that 

 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅  

 Hence (𝜃, 𝜑) is a strong transitivity. 

In the following theorem, we will prove that (if 𝒳 = Γ𝓍(𝜔) (omega-limit set) then (𝜃, 𝜑)  is a strong transitivity) 

Theorem (2.4): 

Let (𝜃, 𝜑) be a ℛ𝒟𝒮 if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳 then (𝜃, 𝜑) is a strong transitivity. 

Proof:  

assume that 𝒳 = Γ𝓍(𝜔) and for every random open set as 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔)  of 𝒳 satisfy 

𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔)⋂𝛤𝓍(𝜔) ≠ ∅  

there is 𝓍(𝜔) ∈ {𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔)⋂𝛤𝓍(𝜔)}   

we get 𝓍(𝜔)  ∈  𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) … (1) 

and let 𝒱(𝜔) is random open set of 𝒳 then 𝒱(𝜔)⋂𝛤𝓍(𝜔) ≠ ∅, for some 𝓍(𝜔) ∈ 𝒳.  

That is, there exists 𝑘2 ∈ ℕ such that 𝓎 = 𝜑(𝑘2, 𝜃−𝑘2
𝜔)𝓍(𝜔) ∈ 𝒱(𝜔). 

Thus,  𝜑(𝑘2, 𝜔)−1 ∘ 𝜑(𝑘2, 𝜃−𝑘2
𝜔)𝓍 ∈ 𝜑(𝑘2, 𝜔)−1𝒱(𝜔). 

𝓍(𝜔) ∈ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) … (2) 

From (1) and (2), we have  𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅  

hence (𝜃, 𝜑) is a strong transitivity.  

 Theorem (2.5): 

Let (𝜃, 𝜑) be ℛ𝒟𝒮 on 𝒳, if for each a non-empty random open 𝒰(𝜔) subset of 𝒳 , there is  𝑘 ∈ ℕ such that 
⋃ 𝜑(𝑘≥𝓉 𝑘, 𝜃−𝑘𝜔) 𝒰(𝜔) = 𝒳 ,Then (𝜃, 𝜑) is a strong transitivity. 

Proof: 

Let 𝒰(𝜔) be non-empty random open subset of 𝒳 

Then there is  𝑘 ∈ ℕ such that ⋃ 𝜑(𝑘≥𝓉 𝑘, 𝜃−𝑘𝜔) 𝒰(𝜔) = 𝒳 
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let 𝜑(−𝑘2, 𝜔)𝒱(𝜔) subset of 𝒳 then there is 𝒵(𝜔) ∈  𝒰(𝜔) such that  

𝜑(𝑘, 𝜃−𝑘𝜔) 𝒵(𝜔) ∈ 𝜑(−𝑘2, 𝜔) 𝒱(𝜔) for some 𝑘 

Then 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅ for some𝑘1𝑎𝑛𝑑 𝑘2 ∈ ℕ 

⇒ (𝜃, 𝜑) is a strong transitivity. 

Theorem (2.6): 

Strong Transitivity of  ℛ𝒟𝒮 is a dynamical property. 

Proof: 

Let (𝜃, 𝜑) and (𝜃, 𝜓) be two ℛ𝒟𝒮′s on 𝒳 and 𝒴 respectively such that (𝜃, 𝜑)equivalence(𝜃, 𝜓).  

Then there exists a homeomorphism mapping ℊ ∶  (𝜃, 𝜑) ⟶ (𝜃, 𝜓). We must prove that if (𝜃, 𝜑) is a strong 
transitivity, then (𝜃, 𝜓) is a strong transitivity.  

Let 𝒢(𝜔) and ℋ(𝜔) be two open random sets of 𝒴. From the continuity of ℊ, we have ℊ−1(𝒢(𝜔)) and ℊ−1(ℋ(𝜔)) 
are two random open sets of 𝒳.   

Put 𝒰(𝜔) = ℊ−1(𝒢(𝜔)) and 𝒱(𝜔) = ℊ−1(ℋ(𝜔)), 

 and by using definition (2.1), there is 𝑘 ∈ ℕ such that 

 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔) ≠ ∅ . 

It follows that ℊ( 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱(𝜔)) ≠ ∅. Then, 

(𝜓(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜓(−𝑘2, 𝜔)𝒱(𝜔))  ≠ ∅. 

By using definition (2.1) again, we have (𝜃, 𝜓) is strong transitivity. 

Theorem (2.7) : 

If two ℛ𝒟𝒮 (𝜃1, 𝜑1) , (𝜃2, 𝜑2) are strong transitive’s, then their product is a strong transitivity. 

Proof: 

Let (𝜃1, 𝜑1) , (𝜃2, 𝜑2) are two strong transitive’s we must prove (𝜃1, 𝜑1) × (𝜃2, 𝜑2) is a strong transitive, now 
define (𝜃, 𝜑) = (𝜃1, 𝜑1) × (𝜃2, 𝜑2) . 

Define 𝒰(𝜔1, 𝜔2) = 𝒰1(𝜔1) × 𝒰2(𝜔2) where 𝜔1, 𝜔2 ∈ Ω , 

𝜑(−𝑘2, 𝜔)𝒱(𝜔1, 𝜔2) = 𝜑(−𝑘2, 𝜔)𝒱1(𝜔1) × 𝜑(−𝑘2, 𝜔)𝒱2(𝜔2) where 𝜔1, 𝜔2 ∈ Ω , 

𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔1, 𝜔2) = 𝜑(𝑘1, 𝜃−𝑘1

𝜔)𝒰1(𝜔1) × 𝜑(𝑘2, 𝜃−𝑘2
𝜔)𝒰2(𝜔2)  

Where 𝑘1, 𝑘2, ∈ ℕ. 

We must prove 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔1, 𝜔2) ∩ 𝜑(−𝑘2, 𝜔) 𝒱(𝜔1, 𝜔2) ≠ ∅. 
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Since 𝒰1(𝜔1), 𝒰2(𝜔2) are two random open sets, then 𝒰(𝜔1, 𝜔2) is a random open set also 
𝜑(−𝑘2, 𝜔)𝒱1(𝜔1), 𝜑(−𝑘2, 𝜔)𝒱2(𝜔2) are two random open sets, then 𝜑(−𝑘2, 𝜔)𝒱(𝜔1, 𝜔2) is a random open 
set. since (𝜃1, 𝜑1) is a strong transitivity, then 𝜑(𝑘1, 𝜃−𝑘1

𝜔)𝒰1(𝜔1) ∩ 𝜑(−𝑘2, 𝜔)𝒱1(𝜔1) ≠ ∅ . Also, since 

(𝜃2, 𝜑2) is a strong transitivity, then 𝜑(𝑘2, 𝜃−𝑘2
𝜔)𝒰2(𝜔2)  ∩ 𝜑(−𝑘2, 𝜔)𝒱2(𝜔2) ≠ ∅ , we get: 

 𝜑(𝑘, 𝜃−𝑘𝜔)𝒰(𝜔1, 𝜔2) ∩  𝜑(−𝑘2, 𝜔)𝒱(𝜔1, 𝜔2)  

= {𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰1(𝜔1) × 𝜑(𝑘2, 𝜃−𝑘2

𝜔)𝒰2(𝜔2)} ∩ {𝜑(−𝑘2, 𝜔)𝒱1(𝜔1) × 𝜑(−𝑘2, 𝜔)𝒱2(𝜔2)} 

= {𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰1(𝜔1) × 𝜑(𝑘2, 𝜃−𝑘2

𝜔)𝒰2(𝜔2)} ⋀  {𝜑(−𝑘2, 𝜔)𝒱1(𝜔1) × 𝜑(−𝑘2, 𝜔)𝒱2(𝜔2)} 

= {𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰1(𝜔1) ⋀  𝜑(−𝑘2, 𝜔)𝒱1(𝜔1)}  × {𝜑(𝑘2, 𝜃−𝑘2

𝜔)𝒰2(𝜔2)⋀𝜑(−𝑘2, 𝜔)𝒱2(𝜔2)} 

= 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰1(𝜔1)  ∩   𝜑(−𝑘2, 𝜔)𝒱1(𝜔1)  ×  𝜑(𝑘2, 𝜃−𝑘2

𝜔)𝒰2(𝜔2) ∩ 𝜑(−𝑘2, 𝜔)𝒱2(𝜔2) ≠ ∅. 

Then  𝜑(𝑘, 𝜃−𝑘𝜔)𝒰(𝜔1, 𝜔2) ∩  𝜑(−𝑘2, 𝜔)𝒱(𝜔1, 𝜔2) ≠ ∅ and hence (𝜃, 𝜑) is a strong transitivity. 

3. strong transitivity point 

In the context of random dynamical systems, strong transitivity points play a fundamental role in 
understanding the ergodic and transitive behavior of trajectories. The following definition precisely specifies 
the conditions required for a random variable to be a strong transitivity point of the dynamical system (𝜃, 𝜑). 

Definition (3.1): strong transitivity point 

A random variable 𝓍(𝜔) ∈ 𝒳ℬ
Ω is said to be a strong transitivity point to (𝜃, 𝜑) if its orbit 𝜑(𝑘, 𝜔) 𝓍(𝜃𝑘𝜔) is a 

strongly dense in 𝒳 . 

Theorem (3.2): if some point 𝓍 ∈ 𝒳ℬ
Ω is a strong transitivity point, then (𝜃, 𝜑) is a strong transitivity. 

Proof: 

If 𝓍(𝜔) ∈ 𝒳ℬ
Ω is a strong transitivity point and if 𝒰(𝜔) 𝑎𝑛𝑑 𝒱(𝜔) are non-empty random open sets of 𝒳, 

there exist integers 𝑘1, 𝑘2 ∈ ℕ with 

𝜑(𝑘1, 𝜔) 𝓍(𝜃𝑘1
𝜔) ∈ 𝒰(𝜔)  

𝓍(𝜃𝑘1
𝜔) ∈ 𝜑(𝑘1, 𝜃−𝑘1

𝜔)𝒰(𝜔) … ( 1) 

and 𝜑(𝑘2, 𝜔) 𝓍(𝜃𝑘2
𝜔) ∈ 𝒱(𝜔) 

𝜑(−𝑘2, 𝜔) ∘ 𝜑(𝑘2, 𝜔) 𝓍(𝜃𝑘2
𝜔) ∈  𝜑𝑘2(−𝑘2, 𝜔) ∘  𝒱(𝜔) 

𝜑(−𝑘2 + 𝑘2, 𝜔) 𝓍(𝜃𝑘2
𝜔) ∈  𝜑(−𝑘2, 𝜔) 𝒱(𝜔) 

𝜑(0, 𝜔) 𝓍(𝜃𝑘2
𝜔) ∈  𝜑(−𝑘2, 𝜔) 𝒱(𝜔) 

𝓍(𝜃𝑘2
𝜔) ∈  𝜑(−𝑘2, 𝜔) 𝒱(𝜔) … ( 2) 

from (1) and (2) we get 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩  𝜑(−𝑘2, 𝜔) 𝒱(𝜔) ≠ ∅ 
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,hence (𝜃, 𝜑) is a strong transitivity. 

Definition (3.3): nowhere strongly dense 

   𝒳 is said to be nowhere strong dense if it has an empty. 

Theorem (3.4): For any ℛ𝒟𝒮(𝜃, 𝜑) the following statements are equivalent : 

1) (𝜃, 𝜑) is a strong transitivity. 

2) if 𝒞(𝜔) ⊂ 𝒳 is a random closed set and 𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) ⊂  𝒞(𝜔), then 𝒞(𝜔) = 𝒳 or 𝒞(𝜔) is nowhere 
strongly dense. 

Proof : (1 ⇒ 2) 

Let (𝜃, 𝜑) is a strong transitivity for each pair of non-empty random open sets 𝒰(𝜔), 𝒱(𝜔) ⊂ 𝒳 there is an integer 
𝑘1, 𝑘2 ∈ ℤ such that 

𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩  𝜑(−𝑘2, 𝜔) 𝒱(𝜔) ≠ ∅ and let  𝒞(𝜔) ⊂ 𝒳 is a random closed set and 𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) ⊂

𝒞(𝜔). 

Assume 𝒞(𝜔) ≠ 𝒳 and 𝒞(𝜔) have a non-empty interior. 

Define 𝒰(𝜔) = 𝒳/ 𝒞(𝜔) ⇒  𝒰(𝜔) is a random open set  (since 𝒞(𝜔) is closed) 

Let 𝒱(𝜔) ⊂ 𝒞(𝜔) be a random open set  ( since 𝒞(𝜔) has a non-empty interior ) 

We have 𝜑(𝑘, 𝜃−𝑘𝜔)𝒱(𝜔) ⊂ 𝒞(𝜔) ( since 𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) ⊂ 𝒞(𝜔)  ) 

𝜑(𝑘, 𝜃−𝑘1
𝜔)𝒱(𝜔) ∩ 𝒰(𝜔) = ∅ for every k∈ ℕ 

𝜑(−𝑘2, 𝜔) ∘ 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒱(𝜔) ∩ 𝜑(−𝑘2, 𝜔) ∘ 𝒰(𝜔) = ∅ 

𝜑(−𝑘2 + 𝑘1, 𝜃−𝑘1
𝜔) 𝒱(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒰(𝜔) = ∅ 

Let −𝑘2 + 𝑘1 = 𝑘3 ∈ ℤ 

Therefore 𝜑(𝑘3, 𝜃−𝑘3
𝜔)𝒱(𝜔)⋂𝜑(−𝑘2, 𝜔)𝒰(𝜔) = ∅ 

This is a contradiction, since (𝜃, 𝜑) is a strong transitivity, hence 𝒞(𝜔) = 𝒳 or 𝒞(𝜔) is nowhere strongly 
dense. 

(2 ⟹  1) 

Let 𝒢(𝜔) be a non-empty random open set in 𝒳. Suppose (𝜃, 𝜑) is not strong transitivity for every non-
empty random open set in 𝒳 . Then from theorem (2.3) part (2) we have ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ  is not 
strongly dense, but ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ  is random open set. Define 𝒞(𝜔) = 𝒳/ ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ , then 
𝒞(𝜔) is the random closed set of 𝒳 and 𝒞(𝜔) ≠  𝒳. Claim 𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) ⊂  𝒞(𝜔). Suppose 
𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) is not a subset of 𝒞(𝜔), this implies 𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) ∩ ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ ≠ ∅. 

This further implies: 
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𝜑(−𝑘, 𝜔) ∘ [𝜑(𝑘, 𝜃−𝑘𝜔)𝒞(𝜔) ∩ ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}
𝑘∈ℕ

] 

= 𝒞(𝜔) ∩  ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ ≠ ∅ , this is a contradiction to definition of 𝒞(𝜔), thus 𝜑(𝑘, 𝜃−𝑘𝜔) 𝒞(𝜔) ⊂
 𝒞(𝜔). Since ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ  is not strongly dense, there exists a non-empty random open set 𝜑(−𝑘, 𝜔) 
ℋ(𝜔) in 𝒳 such that ⋃ {𝜑(−𝑘, 𝜔)𝒰(𝜔)}𝑘∈ℕ ∩ 𝜑(−𝑘, 𝜔)ℋ(𝜔) = ∅, this implies 𝜑(−𝑘, 𝜔)ℋ(𝜔)  ⊂  𝒞(𝜔) . 
Then 𝜑(−𝑘, 𝜔)ℋ(𝜔) ∩  𝒞(𝜔) ≠ ∅, this is a contradiction to the fact that 𝒞(𝜔) is nowhere strongly dense, so 
(𝜃, 𝜑) is a strong transitivity. 

4. Let us define strongly closed transitive random sets comprising strongly dense subsets and characterize 
their association with strong transitivity phenomena. 

Definition (4.1):  (strongly closed transitive random sets) 

       Let (𝜃, 𝜑) be ℛ𝒟𝒮 on 𝒳. a random closed set 𝒜 subset of 𝒳  is said to be a strongly transitive set if it 
contains strongly dense set 𝒱 𝒜 subset of 𝒜.  

Theorem (4.2): If (𝜃, 𝜑) be ℛ𝒟𝒮 on 𝒳 is a strong transitivity, then every random closed subset of 𝒳 is a 
strongly transitive set. 

Proof : 

Let 𝒜(𝜔) be non-empty random closed subset of 𝒳 and let 𝒱 𝒜(𝜔) be random open subset of 𝒜(𝜔) 

  Since  (𝜃, 𝜑) is a strong transitivity then 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) ∩ 𝜑(−𝑘2, 𝜔)𝒱 𝒜𝒱(𝜔) ≠ ∅ for each non-empty 

random open sets 𝒰(𝜔) 𝑎𝑛𝑑 𝒱 𝒜(𝜔) of 𝒳, there is 𝑘1, 𝑘2 ∈ ℕ 

Since 𝒰(𝜔) ⊂ 𝜑(𝑘1, 𝜃−𝑘1
𝜔)𝒰(𝜔) 

Then 𝜑(−𝑘, 𝜔)𝒱 𝒜(𝜔) ∩ 𝒰(𝜔) ≠ ∅ this means that 𝜑(−𝑘, 𝜔)𝒱 𝒜(𝜔) is strongly dense set , hence 𝒜(𝜔) is a 
strongly transitive set.  

Theorem (4.3): Let 𝒞(𝜔)𝑎𝑛𝑑 𝒟(𝜔) be strongly transitive random closed sets. Then their Product 
𝒞(𝜔) × 𝒟(𝜔)is strongly transitive. 

Proof: 

Let 𝒞(𝜔), 𝒟(𝜔) are two strongly closed transitive random sets 

since 𝒞(𝜔) is strongly transitive random closed set, then there exists strong dense set  𝒱𝒞(𝜔1) subset of 
𝒞(𝜔) and random open 𝒰1(𝜔1) subset of  𝒳  such that  

  𝒰1(𝜔1) ∩ 𝜑(−𝑘, 𝜔)𝒱𝒞(𝜔1) ≠ ∅. where 𝜔1 ∈ Ω 

Also since 𝒟(𝜔) is strongly transitive random closed set, then there exists strong dense set 𝒱𝒟(𝜔2) subset of 
𝒟(𝜔) and random open 𝒰2(𝜔) subset of  𝒳  such that  

  𝒰2(𝜔2) ∩ 𝜑(−𝑘, 𝜔)𝒱𝒟(𝜔2) ≠ ∅. where 𝜔2 ∈ Ω 

Define 𝒜(𝜔) = 𝒞(𝜔) × 𝒟(𝜔) 

Let 𝒱 𝒜(𝜔1, 𝜔2) be strongly dense set  of 𝒜(𝜔) and 𝒰(𝜔1, 𝜔2) subset of 𝒳  
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Define 𝒰(𝜔1, 𝜔2) = 𝒰1(𝜔1) × 𝒰2(𝜔2) where 𝜔1, 𝜔2 ∈ Ω , 

            𝒱 𝒜(𝜔1, 𝜔2) = 𝒱𝒞(𝜔1) × 𝒱𝒟(𝜔2) where 𝜔1, 𝜔2 ∈ Ω , 

𝜑(−𝑘, 𝜔)𝒱 𝒜(𝜔1, 𝜔2) = 𝜑(−𝑘1, 𝜔)𝒱𝒞(𝜔1) × 𝜑(−𝑘2, 𝜔)𝒱𝒟(𝜔2)  

Where 𝑘1, 𝑘2, ∈ ℕ 

We must prove 𝒰(𝜔1, 𝜔2) ∩ 𝜑(−𝑘, 𝜔)𝒱 𝒜(𝜔1, 𝜔2)  ≠ ∅. 

Since 𝒰1(𝜔1), 𝒰2(𝜔2) are two random open set then 𝒰(𝜔1, 𝜔2) is random open set  

Since 𝒱𝒞(𝜔1), 𝒱𝒟(𝜔2) are two strongly dense set  then 𝒱 𝒜(𝜔1, 𝜔2)  is a strongly dense set,   

Then 𝒰(𝜔1, 𝜔2) ∩ 𝜑(−𝑘, 𝜔)𝒱 𝒜(𝜔1, 𝜔2) 

= {𝒰1(𝜔1) × 𝒰2(𝜔2)} ∩ {𝜑(−𝑘1, 𝜔)𝒱𝒞(𝜔1) × 𝜑(−𝑘2, 𝜔)𝒱𝒟(𝜔2)} 

= {𝒰1(𝜔1) × 𝒰2(𝜔2)} ⋀  {𝜑(−𝑘1, 𝜔)𝒱𝒞(𝜔1) × 𝜑(−𝑘2, 𝜔)𝒱𝒟(𝜔2)} 

= {𝒰1(𝜔1) ⋀  𝜑(−𝑘1, 𝜔)𝒱𝒞(𝜔1)}  ×  {𝒰2(𝜔2)⋀𝜑(−𝑘2, 𝜔)𝒱𝒟(𝜔2)} 

= 𝒰1(𝜔1)  ∩ 𝜑(−𝑘1, 𝜔)𝒱𝒞(𝜔1)  ×  𝒰2(𝜔2) ∩ 𝜑(−𝑘2, 𝜔)𝒱𝒟(𝜔2) ≠ ∅ 

Then  𝒰(𝜔1, 𝜔2) ∩ 𝜑(−𝑘, 𝜔)𝒱 𝒜(𝜔1, 𝜔2) ≠ ∅ 

Hence 𝒞(𝜔) × 𝒟(𝜔) is a strongly transitive. 

Corollary (4.4): If some point 𝓍 ∈ 𝒳ℬ
Ω is a strong transitivity point, then every random closed subset of 𝒳 is a 

strongly transitive set. 

Proof: Assume 𝓍(𝜔) ∈ 𝒳ℬ
Ω is a strong transitivity point, then: 

1. By Theorem (3.2), the system (𝜃, 𝜑) is strongly transitive. 

2. By Theorem (4.2), this implies that every random closed subset of 𝒳 is a strongly transitive set. 

Therefore, the conclusion follows. 

Corollary (4.5): If some point 𝓍 ∈ 𝒳ℬ
Ω is a strong transitivity point, then 𝒞(𝜔) ⊂ 𝒳  is nowhere strongly dense. 

Proof: Assume 𝓍(𝜔) ∈ 𝒳ℬ
Ω is a strong transitivity point, then: 

1. By Theorem (3.2), the system (𝜃, 𝜑) is strongly transitive. 

2. By Theorem (3.4), this implies that 𝒞(𝜔) ⊂ 𝒳  is nowhere strongly dense. 

Therefore, the conclusion follows. 

Corollary (4.6): If some point 𝓍 ∈ 𝒳ℬ
Ω is a strong transitivity point, then φ(−k2, ω)𝒱(ω) is a strongly dense set of 

𝒳 for each non-empty random open set 𝒰(ω) ⊂  𝒳. 
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Proof: Assume 𝓍(𝜔) ∈ 𝒳ℬ
Ω is a strong transitivity point, then: 

3. By Theorem (3.2), the system (𝜃, 𝜑) is strongly transitive. 

4. By Theorem (2.2), this implies that 𝜑(−𝑘2, 𝜔)𝒱(𝜔)  is a strongly dense set of 𝒳. 

Therefore, the conclusion follows. 

Corollary (4.7): Let (𝜃, 𝜑) be a ℛ𝒟𝒮 if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳, then then φ(−k2, ω)𝒱(ω) is a strongly 
dense set of 𝒳 for each non-empty random open set 𝒰(ω) ⊂  𝒳. 

Proof: if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳, then: 

5. By Theorem (2.4), the system (𝜃, 𝜑) is strongly transitive. 

6. By Theorem (2.2), this implies that 𝜑(−𝑘2, 𝜔)𝒱(𝜔)  is a strongly dense set of 𝒳. 

Therefore, the conclusion follows. 

Corollary (4.8): Let (𝜃, 𝜑) be a ℛ𝒟𝒮 if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳, then 𝒞(𝜔) ⊂ 𝒳  is nowhere strongly 
dense. 

Proof: : if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳 ,then: 

7. By Theorem (2.4), the system (𝜃, 𝜑) is strongly transitive. 

8. By Theorem (3.4), this implies that 𝒞(𝜔) ⊂ 𝒳  is nowhere strongly dense. 

Therefore, the conclusion follows. 

Corollary (4.9): Let (𝜃, 𝜑) be a ℛ𝒟𝒮 if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳, then every random closed subset of 𝒳 is a 
strongly transitive set. 

Proof: : if 𝒳 = Γ𝓍(𝜔) for every  𝓍(𝜔) ∈ 𝒳 ,then: 

9. By Theorem (2.4), the system (𝜃, 𝜑) is strongly transitive. 

10. By Theorem (4.2), this implies that every random closed subset of 𝒳 is a strongly transitive set. 

Therefore, the conclusion follows. 
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5. Conclusion 

This work has systematically characterized strong transitivity in random dynamical systems, unifying 
topological and measurable perspectives. The key outcomes reveal that: 

 Strong transitivity fundamentally links to the density of system trajectories and the minimality of 
asymptotic behavior, as captured through omega-limit sets. 

 The property remains invariant under standard dynamical operations, including system equivalences 
and products, underscoring its robustness. 

 Nowhere-density of certain invariant sets emerges as a critical indicator of transitive behavior. 

6. Practical Implications: 

These findings enable new approaches to: 

1. Modeling ergodicity in stochastic climate systems 

2. Analyzing stability in financial markets with random shocks 

3. Designing control strategies for noise-driven biological networks 

7. Future Directions: 

While the theoretical framework is now established, open challenges include: 

 Extending results to non-compact state spaces 

 Developing numerical verification tools 

omega-limit set strong transitivity point 

strong transitivity 

Strongly dense set 
nowhere strongly 

dense 

strongly closed 
transitive random 

sets 
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 Exploring connections to entropy in noisy systems 

This research solidifies strong transitivity as a central concept for classifying stochastic dynamics, with 
potential to bridge theoretical mathematics and applied sciences. 
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