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ARTICLEINFO ABSTRACT

Received: 10 Feb 2023, In this paper, we consider the one-way repeated measurements model for
Revised: 11 Feb 2023, unbalanced data (where the number of observations is unequal in each levels).
Accepted: 23 Feb 2023, We then discuss method to estimate the parameters of the model ,and

Online: 25 Mar 2023 introduce some properties of estimators. As practical research , the objective

of the experiment is to study the effect of the experimental factors and their

Keywords: interactions on the production of date palm, cultivar El Halawi. The

One-Way Repeated Measurements experiment included the factor of irrigation method with three treatments:
Model; Ordinary Least Squares drip irrigation, basin irrigation, and the regular tidal method, while the
Method; Estimators irrigation interval factor included three treatments: 3, 6 and 9 days.

1. Introduction

Repeated measurements analysis is commonly used in several fields, for example biomedical research,
epidemiology, health and life sciences, etc. Many literatures were given to the univariate repeated measurements
analysis of variance (RMANOVA) [8][11]. The data in which the response variable for each experimental unit is
observed on multiple occasions and possibly under different-experimental-conditions term is called repeated
measurements [8]. Repeated measures designs involving two or more independent groups are among the most
common experimental designs in a variety of research settings. Various statistical procedures have been suggested
for analyzing data from split-plot designs when parametric model assumptions are violated [9].

These responses could be realized as distinct variables, or repeated measurements of one variable, or repeated
measurements of a set of variables. The terminology used for the various RM design is as follows: A one — way
RM ANOVA refers to the situation with one within-units factor and a multi — way RM MANOVA to the situation
with more than one within-units factor . In RM ANOVA, there are two kinds of data: balanced and unbalanced
data. A balance RM design means that the p occasions of the measurement are the same for all of the experimental
units while the unbalance data means that the occasions of measurement are not the same for all of the experimental
units [10].The repeated measurements model(RMM) has been investigated by many researchers. Al-Mouel. in
(2004)[3], studied the multivariate repeated measures models and comparison of estimators. AL-Mouel and et. in
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(2017)[1] , studied the Bayesian estimation of one-way repeated measurements model. Bayesian approach
according to Bayes quadratic unbiased estimator of the linear one- way repeated measurements model. AL-Mouel
and Al-Isawi in (2019)[2], studied best quadratic unbiased estimator of variance components for balanced data for
repeated measurement model (RMM), they computed the quadratic unbiased estimator, which has minimum
variance (best quadratic unbiased estimate (BQUE)) by using analysis of variance (ANOVA) method of estimating
the variance components. AL-Mouel and AL-Hasan in(2021)[5], they studied statistical inference in variance
components repeated measurements models. AL-Mouel and Ali in(2021)[6],they studied of random effects in
repeated measurements model. AL-Mouel and Abd-Ali in(2021)[4],they studied a variance components estimation
for repeated measurements model .
In this paper, the parameters of the model have been evaluated by using ordinary least squares method and take
practical side about effect irrigation interval on moisture and salt distribution of data palm orchards soil under
different irrigation systems.
2. One-Way Repeated Measurements Model
We consider the one-way repeated measurements model for unbalanced data(where the number of observations is
unequal in each levels).A mathematical expression for the model is presented and probability distributions for its
components are discussed. .

2.1 The Model
Consider the one-way repeated measurements model for unbalanced data,
Yijk = M+ aj+ B + (aB)jr + Sijy + eijic s (2.1.1)
where
Yiji is the response measurement at time k for unit i within group j,
i=1,2,...,n; is an index for experimental unit within group j ,
j=1,2,...,q is an index for levels of the between-units factor (Group) ,
k=1,2,...,p is an index for levels of the within-units factor (Time) ,
u is the overall mean,
a; is the added effect for treatment group j ,
By is the added effect for time k ,
(ap)ji is the added effect for the group j x time k (Interaction) ,
8i(j) s the random effect due to experimental unit i within treatment group j ,

e;jx Is the random error time k for unit i within group j .

under the following considerations for the added parameter (added effect)
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q P q )
Zajzo ,Z[)’k=0 , Z(aﬁ)jkzo,vkzl,...,p, |

j=1 k=1 j=1

v q q } (2.1.2)
Z(aﬁ)jk=0 , Vj=1,.,q9 , with n=Zn]~,and nja; =0. |
k=1 j=1 j=1 J

we suppose that the §;;)'s and ej;’s are independent and identically with

eijx ~ i.i.d.N(0,02), } 213)

8i¢jy ~i.i.d.N(0,05),
2.2 Estimation
In this section, we consider the estimators for the parameters by using Ordinary Least Squares Method.

The technique of this method to estimate the model's parameters ,first we define a function Q

p
> O — 1= @ = i — @B) ). (221)

j=1i=1k=1
qa " p q p q p
Z Zyuk npfl pzn]aj—nxﬁk—zn,x(aﬁ),k—0,
j=1i=1k=1 j=1 k=1 j=1 k=1

“h=3., 22.2)
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Now differentiate (2.2.1)with respect to «; and equate the derivative to zero given us

nij P
90 d |
=203 Y e —n— g~ B @F)y) =0,V = 1,0,
J i=1 k=1
nj p
Zzyuk Tl]p[,l n]pa] _anﬁk n; Z(“ﬁ)]k =0 V] >q,
i=1k=
From equation (2.1.2), we have
nj p
Zzyl'jk -npl—npa; =0 ,vj=1,..,q,
i=1k=1

i=1k=
~ 1 nj D N ,
j = n]_,pzi=12k=1Yijk — U, V] - 1' - q,

G=y;-y., (2.2.3)

Now differentiate (2.2.1)with respect to S} and equate the derivative to zero given us

90 q "
S ==2p ) > (e — 1= & — i — (@B)) = Ok =1,...p,
0Bk (i £

j=1i=1
q
ZZyuk ni — Zn]a] qnpy — Enj(aﬁ)jk=0,vk=1,...,p,
j=1i=

From equation (2.1.2), we have

qa mj
ZZ)’;‘jk —nfii—nf =0,vk =1,..,p,
j:

1i=1
qa mj
1 )
Br = n ZZYUR -ni |,Vk=1,..,p,
j=1i=1
qa nj
ZZYUR a,vk=1,.
j=1i=
“Bk=Vk—F. (2.2.4)

Now differentiate (2.2.1)with respectto (af) jj, and equate the derivative to zero given us
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aQ
@B ~2qp 3L, Gijie =1 = @ = B = (@B)jp) = 0,
nj . . . A .
Ziilyijk —le,u _leaj —leﬁk —nj(a’ﬁ)jk = O,V] = 1, v, g & VEk = 1’ D)
nj
— 1 . ~ R .
(aﬁ)jk = n—] zyl'jk — U —n;a; _n]ﬁk ,Vj= 1,..,q & Vk = 1,..,p,
i=1
nj

(aﬂ)]k Zl 1YVijk — a _&j _Bk,vj =1,..,9 &vk=1,..,p,

@B ==V~ FrtI. (2.2.5)
See table (3).
2.3. Expectation of Mean Squares
The model (2.1.1) can be write as
Yijk — 1 = aj + By + (@B)ji + 8ijy + eijic - (23.1)
We can replaced all the effects in this model by their estimates, then:
Yie == (7. =5)+ Gue =3+ 7. = 5,)+ O =¥ -V +7.) +
ijk =V jx —¥ij. + V)
where

1 q " p
Z Z Yijk is the overall mean,

]111k1

p
1
Zzy”k Vj=1,..,q, isthemean for groupj ,

Y
n]pl 1k=1
q
V== Z Yijk is the mean for time k , g (2.3.2)
e
nj

Vijk = —Z Yijk »Vj=1,..,q ,is the mean for the group j at time k ,
i
1 p
Vij. == ) VYijx ,isamean forthe it" subject in group j,
k=1

It's important to learn about the properties of sum of squares in order to analyze how the model changes depending
on the observed data:
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The sums of squares Factor Between the units (Group) we denoted by

SSa = SS(a/u,a,aﬁ,6) = SS(,U,CZ,ﬁ, (CZ‘B),(S) _SS(MJ.B' (aﬁ)'(S) ’
q

SSa =y LI = Z
a= n}p - p) n@;—y.)>%

The sums of squares random effect SS6

558 = SS(8/u, @, B, (aB)) = SS(, o, B, (@B), 8) — SS(, @, B, (),

q nj

SS§ = PZZ(yU 7.7,

j=1i=

The sums of squares of the Interaction between the between units (Group) and the Factor within the units (Time)
we denoted by SSaf8

SSap = SS(ap/u,a, B,6) =SS, a, B, (aB), ) — SS(w, a, B, 8),
14 y2 q y2 14 2
ssap =y Y 2N ANy v
4 le ]p n np
=% T NG = V) =V +7.D%
The sums of squares Factor within the units (Time) we denoted by SSB

SSﬁ = SS(,B/u,a, aﬂ! 6) = SS(M, a, ,8, ((ZB),6) - SS(M' a, (a.B):(S) ’

2

SSB = Yk-= 17’{—_"—"21( 1Tr—5)%,

The error sum of squares SSe

qQ " p

SSe = ZZ Z(J’ijk — Yk = ¥Vij. + )%,

j=1i=1k=1

Now the sum of square to group, subjects (group),time, group x time (interaction) and residuals are given by:
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q _ _\2
SSa = PZ. 1nj(y_j. - y) ,
]=
P S )2
SSp = nz Gr—¥y)",
k=1
5§88 = pz, Z (V.= 7)) \ (2.3.3)
Jj=1 i=1
q p B B B _
SSap = Z Z Nk =Y. =V +¥.)%
j=1 k=1

q nj p _ _ _ 2
SSe = Z Z Z (}’ijk —Vijre ~ Vit y-f-) '
j=1 =1 k=1

Then the total of variation can be written as

SST = SSa + SSB + SS& + SSaf + SSe (2.3.4)
and the corresponding degree of freedom is decomposed into
dfT = dfa + dfp + df§ + dfaf + dfe .
“dfT=@-D+-+@-D+@-DE-D+0-)p-1)

=np-—1. (2.35)
Theorem (2.3.1)

The expectation of (SSB),(SSa),(SSap),(SSd), (SSe) are
P q
nzk=1(ﬁ§) +(-1DoZ , pn Zj=1(aj2) +p(q — 102 + (q — 1)02

> ST @i - Da-DoZ,  pi-a)oF+ (- o
j=1 k=1

and (p—1)(n—q)o? respectively.

Proof:
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=0, (aﬁ) =0, (ap), =0

( zk 1(3k+ek—e )? )
( z (ﬁk"‘(ek—e )2))
p »-— 1)0e
- nzk=1(ﬁk) * nzk=1 np '

EONR ORI

E(SSa) = E (P > (7,.-5.)’ > ,
.
j=1

a—f-(aF) -5 -c.
a=0 p=0, (ap) =0, (ap), =0,
=E <P ijlni(“j +8p+e—6n—e) >
=E <P Z;"j (e + 5y —80) + (). - é...)z))
= ijzlnj(a]?) +np (a _nl)a‘% +np (4~ Do .

np
q
= an- l(ajz) +p(q — 1)g§ +(q—1Da?.
]:

q 14
E(SSCZ,B)=EZ 12 1le()_’jk_)_’j_3_’k+3_’)2'
j= _

EZ Z n],u+a]+,6’k+(aﬁ)jk+6(])+e]k
j=14—dk=1 (P‘+“J+ﬁ+(“ﬁ) +5(1)+91)

—(u+a+pe+@B), +80+ex)+u+a+pf+(ap) +85n+e))>

q p

=By Y (et (=) + @ = eV
q p

= an=1Zk=1(aﬁ)§k + (p — 1)(q _ 1)0_62 )
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a n;
E(SS8) =E(p ijl Zizl(yij. - }7.]'.)2 ),
2

q uta+ B+ (aB), + 6 + &y
=py > N
izt \ = (o + B+ (@B), + 8+ g
q nj _ 2
= Pz . Z E((8ip + 5.~ (5 +25)) ).
Jj=1 i=1
a nj _ B B 2
= szzlzizlE(((fsiu) =)+ (@ =€),

=p(n—q)os + (n—q)oé.

ni; _ _ _ 2
E(SSe) =X 2. Xhr EGijk = jie = ¥ij. +55)
nj _ _ _ N2
= Z:?=12i=]1 z:£=1E(eijk —ejk —¢€j t+ e.j.) )
ni; _ _ _
= Z?:1 z:iil i:l E ((eijk - e.jk) + (e,j_ - eij_))
=(@-1Dn—-q0s.

2
)

Theorem (2.3.2)
The expectations of (MSa) , (MSB), (MSap), (MS8),and (MSe) are

pn q n 4
e DG ARSI W OR
J= =

n .
m ?=1Z£=1(aﬁ)§k+0}2 , PO'§+O'e2 ) O'ez respectively.

Proof:

SSa 1
) E(SSa) |

qG-1) (-1
1 q

=G (e =D+ @@= 1ok )

= qp_nl j=1(aj2) +pof + 0.

E(MSa) = E (

Busp) = £ (20) = 5 BB = 5= (n ) #D+ - 102) |

n

p
— 1Zk=1(ﬁ£) +02 .
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— SSaf _ 1
E(MSQ,B) =E ((q—l)(p—1)) - (q_l)(p_l)E(SSaﬁ) ,
1
i ("Zea BB+ G~ D - o)
~ - 1)(p 1) Z? 12 1(aﬁ)12-k +0?2.
E(MS8) =E (%) _ —E(SSS)

= —(p(n q)05 +(n—q)a; ) Pa5 +ae .
SSe )
(10 D(n-q) (- 1)(71 Q)
2

_m(P—l)(n—Q)% =0 . -

E(MSe) = E ( E(SSe),
2.4 Analysis of Variance Table

In this section, we state the analysis of variance (ANOVA) table for the model including the results over, with the
degrees of freedom(d.f),mean square(MS), and expectation of mean square (E(MS)) as follows:

Table (1) ANOVA Table for the repeated measurements model with random effects for unbalanced data

Source of | d.f SS MS E(MS)
variance
Group qg—1 SSa SSa p Zq 2 2 2
— a? +pof +
1 =1 j=1njaj pos + og
Unit(Group) | n—gq ) AN pof + ol
n—q
Time -1 SS SS q P
P g S5 —Z n;Bi + ad
p—1 p—1Lug=1
Group xTime | (g — 1)(p — 1) SSap SSap 1 1 P 2
— T z z n;(ap)ji
@-DE-1 (P —D(@—1) Lj=1 Lk
+ o?
Residual (»p—1D(n—-q) SSe SSe al
-DM-q)
Total np —1 SST

2.4.1. Properties of the Estimators
We introduce some properties of Ordinary Least Squares estimators by theorems
Theorem (2.4.1)

The estimators i, @;, By ,and (&B)jk are unbiased of u, a;, By ,and (af);; respectively.
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Proof:
From equation (2.2.2) and (2.3.2) we have
E@)=E@F.),

= EE(Z]=1 Ziil Zkzl yUk) ’

1 .

= EE(Z;?:l Sl e (1 + a + Bic+ (@) ji + Sy + eijk)) :

and from equation (2.1.2)
NN _

E(@) = (pw)=p,
~ f1 is unbiased estimator of p.
Now , from equation (2.2.3) and (2.3.2) we have
E(&)=E({y;-7.)

=Ey;)-EQ.),

_ 1 nj o
= n]—.pE(Ziil Yh=1Yijk) =

1 nij
= n]_.pE(Zizll pea(1+ @ + B+ (@B + 8y +eijir)) — 14

and from equation (2.1.2)

= n%_pE(anﬂ +npay) — p,

=ptai—u=aqaj,
< @; is unbiased estimator of a; .
Now , from equation (2.2.4) and (2.3.2) we have
EB)=EGx—7.),

=E@..)—EF.),

= %E(Z?ﬂ DN J’ijk) —K,

= %E( . Sl ag+ B+ (@B + 8y + eijk)) — K,

and from equation (2.1.2)

1
= ZE(u +mBY) — K,
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=u+ B — 1= P,
« By is unbiased estimator of B .

Now , from equation (2.2.5) and (2.3.2) we have
E((aB),,) = EGj— 7 ~Fa+7.),
E((aB),,) = E(7j) —EG ;) ~EG) +EG.) )
1 nj 1 nj 1 nj
= n—]_E(Ziil Yijie) = n}—,pE(Ziil h=1Vijk) — ;E(Z?ﬂ Y1 }’ijk) +u,
1 i 1 i
= n—jE(Z?il(li +aj + fic + (@B ji + 8ij) + eijie)) — n]—.pE(Z?il j=1(n + @ + Pr +
1 .
(@B)ji + 8igj) + eiji)) — ;E(Zj?:l Z?il(# +aj + B + (af)ji + Sijy + eijk)) +u o,
and from equation (2.1.2)
1 1 1
= n—jE(nju +nja; +nBy + n(aB) i) — n]—.pE(njpy +njpa;) — ~E(u+nB) +u,

=(u+a+B+@jp)—(u+a)—w+p)+u= @R,

(aﬂ)jk is unbiased estimator of (aB) . - O
Theorem (2.4.2)
The estimators /i, &;, B ,and (&B)jk are consistent of i, a;, By ,and (apB) i respectively.

Proof:

v =y =var(p) =var(y ),

L3 p
var(fi) = var %ZZZYW ,

__1 q nj p
_nzpz var( j:lZi:le:lyijk)i

= = (w)(0f +02) ,

2, 2
— 0'8+0'e
np ’

o5+a?
=T—>0as m — oo, wherem =np.

- [1 is consistent of pu.
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éz] = }_’] -y.,

var( &) =var(y; —y.),

var( &) = var(y;) —var(y..),

2 2
O'(g+0'e
var( Zl 1&k= 1yuk>_ o

O'(g+0'e

= L yp)(of +o7) -

oj+o?  oi+cd _ (n-n;)(o+o?)
n;p np n;np

)

_ (n=n))(of+aé)

- -0 as my > o ,where my =nmnp .
1

. @) is consistent of a; .
B =Vx—V.,
var( fy) = var(y, — 7.,

=var(y.,) —var(y.) ,

_ G'5+G'e
—var( 12 1yl]k) np

_ 1 0'5+0'e
_ﬁvar( 121 13’Uk) el

= L)( o} +07) - %%,

2 2 2
_ o3+aé as+ai _ (p-1)(o5+0s)

n np np !

_ (p-1)(05+02)

-0 as m- o,
m

~ By is consistent of B, .
(@B) =V =V~ VetV
var((ap) ) =var(Vju =¥ =V +7.),

= var(y j) —var(y;) — var(y x) + var(y ),

2 2 2
— var (lznj y; .k) _ o5+0i  o5+oi  as5+o}
n; <i=174 njp n np '
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o2+03 oi+o? oi+ol

:nif(n])(0§+0_ez)_ np - n — e

_ (d3+02) _ o%+0? _ oé+03 _ oi+o3
nj njp n np ’

_ (p-1D)(n—nj)os+0?
nn;p

]

_ (-1D(n-nj)o3+0?
mq

- asm; >0,

(&B)jk is consistent of (aB) i - 0

3. The Practical Side of the Study

In this section, we check the formulas and theories reached on the theoretical side have been taken a realistic
experiment from the Palm Research Center at Basra University, during the two growing seasons 2019-2020 [7].
The objective of the experiment is to study the effect of the experimental factors and their interactions on the
production of date palm, cultivar El Halawi. The experiment included three levels of unit factor, 3 days,6 days, and
9 days of the irrigation interval, also there are five levels of between unit factor, fruit length, fruit weight, fruit size,
dry weight ,and total sugars ,and three levels of within unit factor, drip irrigation ,basin irrigation, and the regular
tidal method.

According to the mathematical formula of the model study (2.1.1) and by applying the model to the experiment, we
get the sum squares , of the effects between units factors, within-units factors, effect to interaction between-unit
factor (Group ) and within-units factors (Time ), of the experiment as follows:

Table (2) ANOVA table for the data of experiment

Source of variance d.f SS MS F-Test
MS«a
Group 4 61916.134 15479.0335 F= — 2088.77"
MS§
Unit(Group) 10 74.106 7.4106 F,(4,10,0.05) =3.48
Time 2 2.972 1.486 MSp .
F = m = 0.57

F,(2,20,0.05) = 3.49

- ‘ ‘ MS
Groupx Time 8 2.103 0.262875 F = WCEB = 0.1007*

F,(8,20,0.05) = 2.45

Residual 20 52.188 2.6094

Total 44 62047.503
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Table (2) shows the results for the analysis of variance for model, we notice that the irrigation intervals has an
important influence for the productive qualities were the calculated F-values is (2088.77) more than the tabulated
F-values at 0.05 level significant .

Table (3) estimation values for the parameters of the model( 2.1.1) for the experiment

7 5 P (@), 53 52

34.155 136.619 68.309 273.237 2.374 1.450

Table (3) above show the estimation values for the parameters of the model from the least squares method where
we notice through these values of the estimators that they are encouraging values from a statistical point of view.

4. Conclusions
In this paper, we obtained some conclusions as follows:

1- The least squares estimators of parameters of repeated measurements model are

A=Y, &=Y;=Y., Be=Yu—Y.and (aB), =FVu—;~Fux+7..
2- The least squares estimators of parameters of repeated measurements model are unbiased and consistent.
3- The studied irrigation methods and irrigation interval an effect for improving productive qualities.
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